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WITTEN GENUS AND ELLIPTIC GENERA FOR PROPER ACTIONS
FEI HAN AND VARGHESE MATHAI
ABSTRACT. In this paper, we construct for the first time, the Witten genus and elliptic
genera on noncompact manifolds with a proper cocompact action by an almost connected
Lie group and prove a vanishing result that generalise known results for compact group
actions on compact manifolds. Under the additional assumption that the loop Dirac induc-
tion modularity conjecture that is formulated here holds, we are able to prove a rigidity
result for the elliptic genera in our context. We also compute our genera for some interest-
ing examples.
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INTRODUCTION
In 1970, Atiyah and Hirzebruch [4] proved a striking result, showing that if a compact
group acts non-trivially on a compact Spin manifold, then the equivariant index of the Spin
Dirac operator vanishes, and in particular, the A-hat genus of the compact manifold also
vanishes. In 1980’s, Witten studied two-dimensional quantum field theories and the index
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of Dirac operator in free loop spaces. In [37], Witten argued that the partition function
of a type II superstring as a function depending on the modulus of the worldsheet elliptic
curve, is an elliptic genus. In [36], Witten derived a series of twisted Dirac operators from
the free loop space LM on a compact spin manifoldM. The elliptic genera constructed by
Landweber-Stong [21] and Ochanine [31] in a topological way turn out to be the indices
of these elliptic operators. Motivated by physics, Witten conjectured that these elliptic
operators should be rigid. The Witten conjecture was first proved by Taubes [32] and
Bott-Taubes [7]. In [23], using the modular invariance property, Liu presented a simple
and unified proof of the Witten conjecture. In [24], continuing the Witten-Bott-Taubes-Liu
rigidity theorem, Liu discovered vast generalizations, in particular a profound vanishing
theorem for the Witten genus under the condition that the equivariant first Pontryajin class
p1(M)S1 = n ·pi∗u2, which, as observed by Dessai, when the S1-action is induced from an
S3-action, is equivalent to that the manifold is string, i.e. the free loop space is spin [29].
Later Liu-Ma [25, 26] and Liu-Ma-Zhang [27, 28] generalized the rigidity and vanishing
theorems to the family case on the levels of equivariant Chern character and of equivariant
K-theory.
In [14], Hochs and the second author extended the Atiyah-Hirzebruch theorem in an-
other direction, to the non-compact setting. More precisely, letM be a complete Riemann-
ian manifold, on which an almost connected Lie group G acts properly and isometrically.
SupposeM/G is compact and thatM has a G-equivariant Spin-structure. Let
indexG(∂/M) ∈ K•(C∗rG)
be the equivariant index of the associated Spin-Dirac operator. Here K•(C∗rG) is the K-
theory of the reduced group C∗-algebra of G, and indexG denotes the analytic assembly
map used in the Baum–Connes conjecture [6], [17]. Atiyah and Hirzebruch’s vanishing
result generalises as follows in [14]. If there is a point in M whose stabiliser in G is not a
maximal compact subgroup of G (this condition is called properly nontrivial), then
indexG(∂/M) = 0 ∈ K•(C∗rG).
The following fact follows immediately from the theorem above and Theorem 6.12 proved
by Wang in [34]. Under these hypotheses, one has
(0.1) 0= τ∗(indexG(∂/M)) =
∫
M
c · Aˆ(M),
where c ∈C∞c (M) is a cutoff function, that is a non-negative function satisfying
(0.2)
∫
G
c(g−1m)dg= 1,
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and τ :C∗r (G)→ C denotes the von Neumann trace. The right hand side of (0.1) is inde-
pendent of the choice of cut-off function c and can be viewed the “averaged A-hat genus”.
In this paper, we generalise the definitions of the Witten genus and elliptic genera to the
situation of proper cocompact Lie group actions on noncompact manifolds and study their
properties. In particular, we establish vanishing and rigidity properties of the equivariant
Witten genus and the equivariant elliptic genera respectively. We also compute our genera
for some interesting examples to illustrate the difference between these noncompact genera
and the usual genera.
This would be a significant infinite dimensional generalisation of [14] and should lead
to significant advances. Atiyah and Hirzebruch’s vanishing theorem for the A-hat genus
on compact Spin manifolds with a nontrivial action of a compact connected Lie group,
sparked widespread international interest, especially after Witten generalised their result
to the rigidity of elliptic genera and Liu’s discovery of vanishing theorem forWitten genus,
which can be viewed as infinite dimensional analogs of the Atiyah-Hirzebruch theorem.
Our result in this paper is the first result of this type for noncompact Lie group actions
on noncompact manifolds. The innovation in our paper is to significantly generalise the
method quantisation commutes with induction to cover the case of the Witten genus and
elliptic genera. More precisely, we establish quantisation commutes with twisted induction
diagrams, generalising quantisation commutes with induction theorems in the literature.
Let G be an almost connected Lie group and suppose that G acts properly and cocom-
pactly on a smoothmanifoldM. Let K be a maximal compact subgroup ofG. A theorem of
Abels [1] shows thatM can be realised as a fibre bundle over G/K with fibre a K-manifold
N. That is, M = G×K N. Suppose G/K has a G-equivariant Spin-manifold, then by the 2
out of 3-lemma, N has a K-equivariant Spin structure, and conversely. Assume that there
exists a G-invariant spin structure on G/K (it is always true for a double cover ofG). More
precisely let p be a complementary subspace for the Lie algebra k of K in the Lie algebra g
of G that it is invariant for the adjoint action of K and we endow p with a K-invariant eu-
clidian metric. The above assumption means that the homomorphism K → SO(p) lifts to
Spin(p). Let R(K) be the complex representation ring of K. Then one has the quantisation
commutes with induction diagram [12, 14]:
(0.3) KG• (M)
indexG
// K•(C∗rG)
KK• (N)
K−IndGK
OO
indexK
// R(K)
D-IndGK
OO
,
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where KG• (M) denotes the equivariant K-homology ofM, the left vertical arrow is analytic
induction from K to G and the right vertical arrow is the Dirac induction from K to G.
See [12, 14] for the details.
Our proof of the vanishing of Witten genus essentially needs to establish the commuta-
tivity of the following diagram:
(0.4) KG• (M)
indexG(• ⊗Θ(TCM,τ))
// K•(C∗rG)[[q]]
KK• (N)
K−IndGK
OO
indexK(• ⊗Θ(TCN,τ))
// R(K)[[q]]
D-IndLGLK
OO
,
where D-IndLGLK is a loop version of Dirac induction given explicitly by, indexG(∂/G/K ⊗
Θ(pC,τ)⊗ •). And our proof of the rigidity of the elliptic genera essentially needs to
establish the commutativity of the following diagrams:
(0.5) KG• (M)
indexG(• ⊗∆+(TM)⊕∆−(TM))C⊗Θ1(TCM,τ))
// K•(C∗rG)[[q
1
2 ]]
KK• (N)
K−IndGK
OO
indexK(• ⊗∆+(TN)⊕∆−(TN))C⊗Θ1(TCN,τ))
// R(K)[[q
1
2 ]]
D1-Ind
LG
LK
OO
and
(0.6) KG• (M)
indexG(• ⊗Θ2(TCM,τ))
// K•(C∗rG)[[q
1
2 ]]
KK• (N)
K−IndGK
OO
indexK(• ⊗Θ2(TCN,τ))
// R(K)[[q
1
2 ]]
D2-Ind
LG
LK
OO
,
where D1-Ind
LG
LK is a loop version of Dirac induction given explicitly by
indexG(∂/G/K⊗ (∆+(p)⊕∆−(p))C⊗Θ1(pC,τ)⊗ •)
and D2-Ind
LG
LK is a loop version of Dirac induction given explicitly by
indexG(∂/G/K⊗Θ2(pC,τ)⊗ •).
Here ∆+(TM)⊕∆−(TM) stands for the space of the spinor bundle and similarly for TN
and p. The constructions of Θ,Θ j, j = 1,2 are given in in Section 2. These diagrams
generalise diagram (0.3) without q. In Section 4, we make a conjecture (Conjecture 4.1,
which we call loop Dirac induction modularity conjecture) concerning modularity proper-
ties of loop Dirac inductions Dj-Ind
LG
LK
, j = 1,2 and prove part (ii) of the rigidity theorem
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(Theorem 2.5) for the equivariant elliptic genera under the assumption that the conjecture
is valid. We believe that Conjecture 4.1 could also be of independent interest.
The paper is organized as follows. In Section 1, we give some preliminary concepts
and results used in the paper. In Section 2, we give the construction of the Witten genus
and elliptic genus for the proper actions, both the averaged version and the equivariant
version. We present our main results about these genera, including modularity, a mirac-
ulous cancellation formula as well as vanishing and rigidity results. We also present the
explicit formula for the genera for a class of interesting examples related to G= SL(2,R)
and leave the computation to the last section. In Section 3, we give the proof of the vanish-
ing theorem. We state the above-mentioned conjecture in Section 4 and prove the rigidity
theorems. At last, in Section 5, we give the detailed computation for the genera of the
examples.
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1. PRELIMINARIES
This section contains some preliminary concepts and results used in the paper.
Let G be a locally compact, almost connected Lie group. In this paper, we will use the
reduced C∗-algebra of G, denoted C∗r (G), which is the completion in the operator norm
of the convolution algebra of integrable functions L1(G) with respect to a Haar measure,
viewed as an algebra of bounded operators on L2(G).
TheK-theory ofC∗r (G), denoted K0(C∗r (G)), is by fiat the Grothendieck group generated
by stable equivalence classes of finitely generated modules overC∗r (G).
If K is a compact connected Lie group, denote by R(K) the representation ring of K,
which is the free abelian group generated by equivalence classes of irreducible represen-
tations of K. It is well known that R(K)∼= K0(C∗r (K)).
For example (cf. [33]), when G = SL(2,R), the reduced group C∗-algebra C∗r (G), is
Morita equivalent to
C0(R/Z2)
⊕
C0(R)⋊Z2
⊕
n∈Z\{0}
C.
In the last term, there is a copy of C for each discrete series representation of G. Using
the fact that K-theory is Morita invariant and that the second term contributes a factor of
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Z whereas the first term doesn’t contribute to K-theory, one has
K0(C
∗
r (G))
∼=
⊕
n∈Z
Z[n],
where Z[n]∼= Z.
There is a canonical morphism, D-IndGK : R(K) −→ K0(C∗r (G)) called Dirac induction,
defined as follows. Assume that G/K is G-spin, which is always the case for a double
cover. Given a unitary representation ρ : K→U(V ) of K, form the G-vector bundle Vρ =
G×KV → G/K over G/K. Let ∂/G/K denote the Dirac operator on G/K. Then
D-IndGK(ρ) = indexG(∂/G/K⊗V ) ∈ K0(C∗r (G)).
The central Connes-Kasparov conjecture (cf. [6], [16]) states that the Dirac induction is
an isomorphism. It has been proved for reductive Lie groups by [19], [20], [35] and in
general by [8].
Let G act properly, cocompactly on a manifold M. By a result in [30], for any almost
connected Lie group G, the equivariant K-theory K0G(M) is the Grothendieck group gener-
ated by stable equivalence classes of finite dimensional G-vector bundles overM. We will
be assuming that M is either G-spin or G-spinc. In either case, there is a Poincare´ duality
isomorphism in K-theory (cf. [12]),
K0G(M)−→ KG0 (M), E −→ ∂/⊗E,
where KG0 (M) denotes the equivariant K-homology of M, which is therefore generated by
twisted Dirac operators.
The equivariant index is defined by Kasparov using bivariant K-theory machinery. Us-
ing induction to the twisted crossed product (cf. [17])
jG : K
G
0 (M)−→ KK0(C0(M)⋊G,C∗r (G)),
and a cutoff function c onM (see (0.2)), it defines an idempotent [c]∈KK0(C,C0(M)⋊G),
the equivariant index is by fiat the Kasparov intersection product (cf. [17]),
indexG(∂/⊗E) = [c]⊗C0(M)⋊G jG([∂/⊗E]) ∈ K0(C∗r (G)).
2. WITTEN GENUS AND ELLIPTIC GENERA FOR PROPER ACTIONS
In this section, we introduce the Witten genus and the elliptic genera for proper actions
and present the main results about them to be proved in the next sections.
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2.1. Witten genus and elliptic genera for proper actions: modularity.
Let G be an almost connected Lie group and suppose that G acts properly and cocom-
pactly on a 4k dimensional manifoldM.
If E is a complex vector bundle over M, set E˜ = E−Crk(E). Recall that for an indeter-
minate t,
(2.1) Λt(E) = C|M+ tE+ t2Λ2(E)+ · · · , St(E) = C|M+ tE+ t2S2(E)+ · · · ,
are the total exterior and symmetric powers of E respectively. The following relations
between these two operations hold (c.f. [3]),
(2.2) St(E) =
1
Λ−t(E)
, Λt(E−F) = Λt(E)
Λt(F)
.
Let q= e2pi
√−1τ with τ ∈H, the upper half complex plane.
Introduce three elements ( [36]) in K(M)[[q
1
2 ]], which consist of formal power series in
q
1
2 with coefficients in the K-group ofM:
(2.3) Θ(TCM,τ) =
∞⊗
n=1
Sqn(T˜CM),
(2.4) Θ1(TCM,τ) =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
m=1
Λqm(T˜CM),
(2.5) Θ2(TCM,τ) =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
m=1
Λ−qm− 12 (T˜CM).
One can formally expand these elements into Fourier series,
(2.6) Θ(TCM,τ) =W0(TCM)+W1(TCM)q+ · · · ,
(2.7) Θ1(TCM,τ) = A0(TCM)+A1(TCM)q
1
2 + · · · ,
(2.8) Θ2(TCM,τ) = B0(TCM)+B1(TCM)q
1
2 + · · · .
Let ∇TM be a G-invariant connection on TM and RTM = (∇TM)2 be the curvature of
∇TM. Suppose E is aG-equivariant complex vector overM, ∇E is aG-invariant connection
on E and RE is the curvature of ∇E .
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Define
(2.9) Aˆc(M;E) =
∫
M
c · Aˆ(M)ch(E),
(2.10) Lˆc(M;E) =
∫
M
c · Lˆ(M)ch(E),
where
Aˆ(M) = det1/2
 √−14pi RTM
sinh
(√−1
4pi R
TM
)

and
Lˆ(M) = det1/2
 √−12pi RTM
tanh
(√−1
4pi R
TM
)

are the Hirzebruch Aˆ-form and Lˆ-form respectively and
ch(E) = tr
[
exp
(√−1
2pi
RE
)]
is the Chern character form.
Aˆc(M;E) and Lˆc(M;E) are independent of the choice of the cutoff function c and the
connections [34].
The virtual bundles Wi(TCM),Ai(TCM) and Bi(TCM) carry connections induced from
∇TM.
Define theWitten genus of (M,G) by
(2.11) ϕcW (M,τ) = Aˆ
c(M;Θ(TCM,τ)) ∈ R[[q]].
That is,
(2.12) ϕcW (M,τ) = Aˆ
c(M)+ Aˆc(M;W1(TCM))q+ · · · ∈ R[[q]].
Define the elliptic genera of (M,G) by
(2.13) ϕc1(M,τ) = Lˆ
c(M;Θ1(TCM,τ)) ∈ R[[q
1
2 ]],
(2.14) ϕc2(M,τ) = Aˆ
c(M;Θ2(TCM,τ)) ∈ R[[q
1
2 ]].
That is,
(2.15) ϕc1(M,τ) = Lˆ
c(M)+ Lˆc(M;A1(TCM))q
1
2 + · · · ∈ R[[q 12 ]],
(2.16) ϕc2(M,τ) = Aˆ
c(M)+ Aˆc(M;B1(TCM))q
1
2 + · · · ∈ R[[q 12 ]].
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These genera can be viewed as “avaraged Witten genus and averaged elliptic genera”
ofM. To illustrate the difference between these averaged genera and the usual genera, we
explicitly compute them in the following examples.
Example 2.1. Let S1 act on the complex projective space CP2l−1 by
(2.17) λ [z0,z1, · · · ,z2l−1] = [λ a0z0,λ a1z1, · · · ,λ a2l−1z2l−1],
such that ai’s are distinct integers and ∑
2l−1
i=0 ai is even.
Let S1 be the subgroup of SL(2,R) of matrices of the form
(
cosθ −sinθ
sinθ cosθ
)
. Then
M = SL(2,R)×S1CP2l−1
is a 4l-dimensional manifold with proper and cocompact SL(2,R) action.
Consider the two-variable series[
∞
∏
n=1
(1−qn)4l
]
·
[
∞
∏
n=1
(
1+
∞
∑
i=1
(λ 2qn)i
)(
1+
∞
∑
i=1
(λ−2qn)i
)]
·
2l−1∑
j=0
∏
s6= j
1(
λ
|as−a j |
2 −λ
−|as−a j |
2
)
∏∞n=1(1−λ |as−a j|qn)(1−λ−|as−a j|qn)
 .
(2.18)
As ∑2l−1i=0 ai is even, it is not hard to see that in the above series the coefficient of each q
n
is a Laurent polynomial of λ with integral coefficients. Denote the above series by
(2.19) P(· · · ,λ−n,λ−n+1, · · · ,λ−1,1,λ , · · · ,λm−1,λm, · · · ;q).
Then the Witten genus of M is
(2.20)
ϕcW (M,τ) = P(· · · ,−|−n−1|,−|−n|,−1,0,−1, · · · ,−|m−2|,−|m−1|, · · · ;q) ∈ Z[[q]],
i.e. the q-series obtained by replacing each λ n with −|n−1| in P.
For the elliptic genera, one has
(2.21) ϕc1(M,τ) = 0, ϕ
c
2(M,τ) = 0.
The detailed computation will be given in the last section of this paper.
Let
SL2(Z) :=
{(
a b
c d
)∣∣∣∣a,b,c,d ∈ Z, ad−bc= 1}
9
as usual be the modular group. Let
S=
(
0 −1
1 0
)
, T =
(
1 1
0 1
)
be the two generators of SL2(Z). Their actions on H are given by
S : τ →−1
τ
, T : τ → τ +1.
Let
Γ0(2) =
{(
a b
c d
)
∈ SL2(Z)
∣∣∣∣c≡ 0 (mod 2)} ,
Γ0(2) =
{(
a b
c d
)
∈ SL2(Z)
∣∣∣∣b≡ 0 (mod 2)}
be the two modular subgroups of SL2(Z). It is known that the generators of Γ0(2) are
T,ST 2ST , while the generators of Γ0(2) are STS,T 2STS (cf. [9]).
Proposition 2.2 (Modularity). (i) If the first G-invariant Pontryagin class pG1 (TM) = 0,
then ϕcW (M,τ) is a modular form of weight 2k over SL2(Z).
(ii) ϕc1(M,τ) is a modular form weight 2k over Γ0(2), while ϕ
c
2(M,τ) is a modular form
weight 2k over Γ0(2). Moreover, the following identity holds,
(2.22) ϕc1
(
M,−1
τ
)
= (2τ)2kϕc2(M,τ).
Proof. The proof here essentially follows [22] with performing the modular transforma-
tions on the level of forms and taking care of the G-invariance and the cutoff function.
Recall that the four Jacobi theta-functions (c.f. [9]) defined by infinite multiplications
are
(2.23) θ(v,τ) = 2q1/8 sin(piv)
∞
∏
j=1
[(1−q j)(1− e2pi
√−1vq j)(1− e−2pi
√−1vq j)],
(2.24) θ1(v,τ) = 2q
1/8 cos(piv)
∞
∏
j=1
[(1−q j)(1+ e2pi
√−1vq j)(1+ e−2pi
√−1vq j)],
(2.25) θ2(v,τ) =
∞
∏
j=1
[(1−q j)(1− e2pi
√−1vq j−1/2)(1− e−2pi
√−1vq j−1/2)],
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(2.26) θ3(v,τ) =
∞
∏
j=1
[(1−q j)(1+ e2pi
√−1vq j−1/2)(1+ e−2pi
√−1vq j−1/2)],
where q= e2pi
√−1τ ,τ ∈H.
They are all holomorphic functions for (v,τ) ∈ C×H, where C is the complex plane
and H is the upper half plane.
One can express the Witten genus and the elliptic genera by using the theta functions
and curvature as follows (cf. [22], [10] )
(2.27) ϕcW (M,τ) =
∫
M
c ·det 12
(
RTM
4pi2
θ ′(0,τ)
θ(R
TM
4pi2
,τ)
)
,
(2.28) ϕc1(M,τ) = 2
2k
∫
M
c ·det 12
(
RTM
4pi2
θ ′(0,τ)
θ(R
TM
4pi2
,τ)
θ1(
RTM
4pi2
,τ)
θ1(0,τ)
)
,
(2.29) ϕc2(M,τ) =
∫
M
c ·det 12
(
RTM
4pi2
θ ′(0,τ)
θ(R
TM
4pi2
,τ)
θ2(
RTM
4pi2
,τ)
θ2(0,τ)
)
.
The theta functions satisfy the the following transformation laws (cf. [9]),
(2.30) θ(v,τ +1) = e
pi
√−1
4 θ(v,τ), θ (v,−1/τ) = 1√−1
(
τ√−1
)1/2
epi
√−1τv2θ (τv,τ) ;
(2.31) θ1(v,τ +1) = e
pi
√−1
4 θ1(v,τ), θ1 (v,−1/τ) =
(
τ√−1
)1/2
epi
√−1τv2θ2(τv,τ) ;
(2.32) θ2(v,τ +1) = θ3(v,τ), θ2 (v,−1/τ) =
(
τ√−1
)1/2
epi
√−1τv2θ1(τv,τ) ;
(2.33) θ3(v,τ +1) = θ2(v,τ), θ3 (v,−1/τ) =
(
τ√−1
)1/2
epi
√−1τv2θ3(τv,τ) .
By applying the Chern root algorithm on the level of forms (over certain ring extension
C[∧2xT ∗M] ⊂ R′ for each x ∈ M, cf. [15] for details) and the transformation laws of the
theta functions, we have
(2.34) ϕcW (M,−1/τ) = τ2k
∫
M
c · etr
(
1
4pi2
(RTM)2
)
det
1
2
(
RTM
4pi2
θ ′(0,τ)
θ(R
TM
4pi2
,τ)
)
.
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If pG1 (TM) = 0, then tr
(
1
4pi2
(RTM)2
)
= dω for some G-invariant form ω . Then
τ2k
∫
M
c · etr
(
1
4pi2
(RTM)2
)
det
1
2
(
RTM
4pi2
θ ′(0,τ)
θ(R
TM
4pi2
,τ)
)
=τ2k
∫
M
c ·det 12
(
RTM
4pi2
θ ′(0,τ)
θ(R
TM
4pi2
,τ)
)
+ τ2k
∫
M
c ·d
ω · etr
(
1
4pi2
(RTM)2
)
−1
tr
(
1
4pi2
(RTM)2
)det 12 (RTM
4pi2
θ ′(0,τ)
θ(R
TM
4pi2
,τ)
) .
(2.35)
However since ω · e
tr
(
1
4pi2
(RTM)2
)
−1
tr
(
1
4pi2
(RTM)2
) det 12
(
RTM
4pi2
θ ′(0,τ)
θ (R
TM
4pi2
,τ)
)
is G-invariant and c is the cutoff
function, we see that the second term in the above formula is 0. So we have
(2.36) ϕcW (M,−1/τ) = τ2kϕcW (M,τ).
One also easily verifies that
(2.37) ϕcW (M,τ +1) = ϕ
c
W (M,τ).
Therefore (i) follows.
Similarly, one can show that
(2.38) ϕc1(M,−1/τ) = (2τ)2kϕc2(M,τ), ϕc1(M,τ +1) = ϕc1(M,τ).
Since the generators of Γ0(2) are T,ST
2ST , while the generators of Γ0(2) are STS,T 2STS,
the modularity in (ii) follows.

Remark 2.3. In the above proposition, we use the Chern-Weil definition of G-invariant
the Pontryagin class pG1 (TM). The total G-invariant Pontryajin form of a G-equivariant
vector bundle E with G-invariant connection ∇E is defined as (cf. [38])
(2.39) pG(E,∇E) = det
1
2
(
I−
(
RE
2pi
)2)
.
Splitting by degrees, one has
(2.40) pG(E,∇E) = 1+ pG1 (E,∇
E)+ pG2 (E,∇
E)+ · · · pGk (E,∇E),
such that pGi (E,∇
E) ∈ Ω4i(M). The G-invariant Pontryajin classes pGi (E) are the G-
invariant cohomology classes represented by pGi (E,∇
E) in the G-invariant de Rham co-
homology H i(M)G. Explicitly, pG1 (E,∇
E) = tr
(
1
4pi2
(RE)2
)
.
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Following [22], there exists a miraculous cancellation formula on the form level,
(2.41) {Lˆ(M)}(4k) =
[ k2 ]
∑
j=0
23k−6[
k
2 ]{Aˆ(M)ch(h j(TCM))}(4k),
where each h j(TCM)∈K0G(M),0≤ j≤ [ k2 ] is an integral linear combination of Bi(TCM),0≤
i ≤ j, generalizing the celebrated Alvarez-Gaume´-Witten miraculous cancellation for-
mula [2] in dimension 12. Suppose M is G-Spin. Multiplying c on both sides, integrating
over M and applying Wang’s index formula [34], we get the miraculous cancellation for-
mula for proper actions
(2.42) τ∗(indexG(BM)) =
[ k2 ]
∑
j=0
23k−6[
k
2 ]τ∗(indexG(∂/
h j(TCM)
M )),
where BM is the signature operator.
2.2. Witten genus and elliptic genera for proper actions: vanishing & rigidity.
In this subsection, we introduce the equivariant Witten genus and the equivariant elliptic
genera. We will always assume that G is an almost connected Lie group that acts properly
and cocompactly on a 4k dimensional manifold M with a G-equivariant Spin structure.
Define the G-equivariant Witten genus by
(2.43) ϕW,G(M,τ) = indexG(∂/M
⊗
Θ(TCM,τ)) ∈ K•(C∗r (G))[[q]].
That is,
(2.44) ϕW,G(M,τ) = indexG(∂/M)+ indexG(∂/M⊗W1(TCM))q+ · · · .
Then τ∗
(
ϕW,G(M)
)
= ϕcW (M), where τ : C
∗
r (G)→ C denotes the von Neumann trace as
above.
Define the G-equivariant elliptic genera as
(2.45) ϕ1,G(M,τ) = indexG(BM
⊗
Θ1(TCM,τ)) ∈ K•(C∗r (G))[[q
1
2 ]],
(2.46) ϕ2,G(M,τ) = indexG(∂/M
⊗
Θ2(TCM,τ)) ∈ K•(C∗r (G))[[q
1
2 ]].
That is,
(2.47) ϕ1,G(M,τ) = indexG(BM)+ indexG(BM⊗A1(TCM))q
1
2 + · · · ,
(2.48) ϕ2,G(M,τ) = indexG(∂/M)+ indexG(∂/M⊗B1(TCM))q
1
2 + · · · .
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Then τ∗
(
ϕi,G(M,τ)
)
= ϕci (M,τ), i= 1,2, where τ :C
∗
r (G)→C denotes the von Neumann
trace as above.
For the Witten genus, we have the following vanishing result.
Theorem 2.4 (Vanishing). Suppose G/K has G-spin structure with K being a maximal
compact subgroup such that K = ∪g∈K g ·S3 ·g−1, i.e. S3 is a conjugate dense subgroup in
K. If M is string and the G-action is properly non-trivial, then the G-equivariant Witten
genus vanishes, i.e. ϕW,G(M,τ) = 0 ∈ K•(C∗r (G))[[q]]. By taking von Neumann trace, we
see that the Witten genus vanishes, i.e. ϕcW (M,τ) = Aˆ
c(M;
⊗
Θ(TCM,τ)) = 0 ∈ R[[q]].
For the elliptic genera, we obtain the rigidity results to be stated in the following.
Consider the q-series:
(2.49) δ1(τ) =
1
4
+6
∞
∑
n=1
∑
d|n
d odd
dqn =
1
4
+6q+6q2+ · · · ,
(2.50) ε1(τ) =
1
16
+
∞
∑
n=1
∑
d|n
(−1)dd3qn = 1
16
−q+7q2+ · · · ,
(2.51) δ2(τ) =−1
8
−3
∞
∑
n=1
∑
d|n
d odd
dqn/2 =−1
8
−3q1/2−3q−·· · ,
(2.52) ε2(τ) =
∞
∑
n=1
∑
d|n
n/d odd
d3qn/2 = q1/2+8q+ · · · .
Note that 4δ1(τ),16ε1(τ),8δ2(τ) and ε2(τ) are all integral q-series.
For an integral q-series a0+ a1q
1
2 + · · ·+ aiq i2 + · · · , one can view it as an element in
R(K)[[q
1
2 ]] as
a0 · [C]+a1 · [C]q
1
2 + · · ·+ai · [C]q
i
2 + · · · ,
where C stands for the trivial representation of K.
Theorem 2.5 (Rigidity). Suppose G/K has G-spin structure with K being a maximal com-
pact subgroup. Then
(i) in K•(C∗r (G))[[q
1
2 ]], ϕ1,G(M,τ) is an integral linear combination of
[∂/G/K⊗ (∆+(p)⊕∆−(p))C⊗Θ1(pC,τ)⊗ ((4δ1(τ)a(16ε1(τ))b)];
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in K•(C∗r (G))[[q
1
2 ]],ϕ2,G(M,τ) is an integral linear combination of
[∂/G/K⊗Θ2(pC,τ)⊗ ((8δ2(τ)a(ε2(τ))b)].
(ii) Suppose Conjecture 4.1 is true. Then tensored with reals one has ϕ1,G(M,τ)∈K•(C∗r (G))⊗
R[[q
1
2 ]] lies in (R ·D-IndGK[C])[[q
1
2 ]] and it is a modular form of weight 2k over Γ0(2) with
real Fourier coefficients; ϕ2,G(M,τ) ∈ K•(C∗r (G))⊗R[[q
1
2 ]] lies in (R ·D-IndGK[C])[[q
1
2 ]]
and it is a modular form of weight 2k over Γ0(2) with real Fourier coefficients; moreover,
(2.53) ϕ1,G(M,−1/τ) = (2τ)2kϕ1,G(M,τ).
3. PROOF OF VANISHING
In this section, we give the proof of the vanishing theorem.
We will first need a technical lemma. Let η : K → SO(E) be a representation of K
on E. Complexifying E gives a Hermitian metric on EC and an induced representation
η : K →U(EC). Using η , one can construct an Hermitian bundle Eη = G×K,η EC over
G/K.
Define the (E,η)-twisted Dirac induction
(3.1) D-IndGK,E : R(K)→ K•(C∗rG)
by twisting the value of the Dirac inductionmap to be indexG(∂/G/K⊗Eη⊗•)∈K•(C∗r (G)).
Let pi :M→G/K be the projection. Let V be a K-equivariant bundle over N. Then it is
not hard to see that one can patch the K-equivariant bundleV to be a G-equivariant bundle
overM, which we denote by V .
Lemma 3.1. The following identity holds,
(3.2) D-IndGK,E(indexK([∂/
V
N]) = indexG([∂/
V ⊗pi∗Eρ
M ]).
Proof. Since M is a G-Spin manifold, every element of K•(C∗rG) is represented by a
twisted Dirac operator, see Section 1. The Lemma is a consequence of Section 2 as well
as Proposition 22 and Remark 20 in [12]. 
Now we are ready to give the proof of the vanishing theorem.
Proof of Theorem 2.4. Note that after choosing a connection on the fiber bundle M →
G/K, we have the following decomposition
(3.3) TCM ∼= T vCM⊕pi∗(TC(G/K)),
where T vM is the vertical tangent bundle.
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As the Witten bundle Θ is multiplicative and functorial, so we have
(3.4)
Θ(TCM,τ)∼= Θ(T vCM,τ)⊗Θ(pi∗(TC(G/K)),τ)∼= Θ(T vCM,τ)⊗pi∗(Θ(TC(G/K),τ)).
Therefore
(3.5) Wr(TCM)∼=⊕i+ j=rWi(T vCM)⊗pi∗Wj(TC(G/K)).
It is not hard to see that TC(G/K) is obtained by the adjoint representation ρ : K →
U(pC). This ρ in turn induces a series representations
(3.6) ρi : K→U(Wi(pC)), i= 0,1, · · · ,
each corresponding to the virtual bundleWi(TC(G/K)) over G/K.
By Lemma 3.1, we have
indexG(∂/
Wr(TCM)
M )
= indexG(∂/
⊕i+ j=rWi(T vCM)⊗pi∗Wj(TC(G/K)))
M
= ∑
i+ j=r
indexG(∂/
Wi(T
v
C
M)⊗pi∗Wj(TC(G/K)
M )
= ∑
i+ j=r
D-IndGK,Wj(pC)
(indexK(∂/
Wi(TCN)
N )).
(3.7)
Assembled into q-series, one has
∞
∑
r=0
indexG(∂/
Wr(TCM)
M )q
r =
∞
∑
r=0
( ∑
i+ j=r
D-IndGK,Wj(pC)
(indexK(∂/
Wi(TCN)
N )))q
r.
When restricted to one slice, we have
(3.8) TM|N = TN⊕pN ,
where pN is the trivial vector bundle over N with fiber p. Since TM is string, TN is also
string. If there is a nontrivial S1 Spin action on N which can be extended to S3, by Liu’s
vanishing theorem for the equivariantWitten genus [24], one has indexS1(∂/
Wi(TCN)
N )= 0,∀i.
Hence if S3 is conjugate dense in K, then indexK(∂/
Wi(TCN)
N ) = 0 and consequently
indexG(∂/
Wr(TCM)
M ) = 0,∀r.
So
ϕW,G(M,τ) =
∞
∑
r=0
indexG(∂/
Wr(TCM)
M )q
r = 0 ∈ K•(C∗r (G))[[q]].

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4. LOOP DIRAC INDUCTION MODULARITY: PROOF OF RIGIDITY
In this section, we study the rigidity of the equivariant elliptic genera.
Introduce two q-series with coefficients in K•(C∗r (G))⊗R:
(4.1) F1(τ) := [∂/G/K⊗ (∆+(p)⊕∆−(p))C⊗Θ1(pC,τ)] ∈ K•(C∗r (G))⊗R[[q
1
2 ]],
(4.2) F2(τ) := [∂/G/K⊗Θ2(pC,τ)] ∈ K•(C∗r (G))⊗R[[q
1
2 ]].
These two series will play the essential role in the proof of part (ii) of Theorem 2.5. Moti-
vated by the Witten-Bott-Taubes-Liu rigidity theorem, we make the following conjecture.
Conjecture 4.1 (Loop Dirac induction modularity). Let d = dim(G/K). F1(τ) lies in
(R ·D-IndGK[C])[[q
1
2 ]] and is a modular form of weight d
2
over Γ0(2) with real Fourier
coefficients; F2(τ) lies in (R ·D-IndGK[C])[[q
1
2 ]] and is a modular form of weight d
2
over
Γ0(2) with real Fourier coefficients; moreover
(4.3) F1(−1/τ) = (2τ)dF2(τ).
To be more explicit, we show the first several terms.
Θ1(pC,τ)
=
∞⊗
n=1
Sqn(pC)Λ−qn(Cd)⊗
∞⊗
m=1
Λqm(pC)S−qm(Cd)
=(C+pCq+S
2pCq
2+ · · ·)(C+pCq2+ · · ·)(C−Cdq+Λ2Cdq2+ · · ·)(C−Cdq2+ · · ·)
(C+pCq+Λ
2pCq
2+ · · ·)(C+pCq2+ · · ·)(C−Cdq+S2Cdq2+ · · ·)(C−Cdq2+ · · ·)
=(C+2pCq+(pC⊗pC+S2pC+Λ2pCM)q2+ · · ·)(C+2pCq2+ · · ·)
(C−2Cdq+(Cd⊗Cd+S2Cd+Λ2Cd)q2+ · · ·)(C−2Cdq2+ · · ·)
=(C+2pCq+2(pC+pC⊗pC)q2+ · · ·)(C−2Cdq+2(Cd⊗Cd−Cd)q2+ · · ·)
=C+2(pC−Cd)q+2[pC⊗pC− (2d−1)pC+Cd(d−1)]q2+ · · · ,
(4.4)
where the “· · ·” are the terms involving q j’s with j ≥ 3. So
F1(τ)
=[∂/G/K⊗ (∆+(p)⊕∆−(p))C]+2[∂/G/K⊗ (∆+(p)⊕∆−(p))C⊗ (pC−Cd)]q
+2[∂/G/K⊗ (∆+(p)⊕∆−(p))C⊗ (pC⊗pC− (2d−1)pC+Cd(d−1))]q2+ · · · ,
(4.5)
where the “· · ·” are the terms involving q j’s with j ≥ 3.
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Θ2(pC,τ)
=
∞⊗
n=1
Sqn(pC)Λ−qn(Cd)⊗
∞⊗
m=1
Λ−qm− 12 (pC)Sqm− 12 (C
d)
=(C+pCq+ · · ·)(C−Cdq+ · · ·)(C−pCq
1
2 +Λ2pCq+ · · ·)(C+Cdq
1
2 +C
d(d+1)
2 q+ · · ·)
=C− (pC−Cd)q
1
2 +(Λ2pC− (d−1)pC+C
d(d−1)
2 )q+ · · ·
(4.6)
where the “· · ·” are the terms involving q j’s with j ≥ 3
2
. So
(4.7)
F2(τ) = [∂/G/K]− [∂/G/K⊗ (pC−Cd)]q
1
2 +[∂/G/K⊗ (Λ2pC− (d−1)pC+C
d(d−1)
2 )]q+ · · · ,
where the “· · ·” are the terms involving q j’s with j ≥ 3
2
.
Proof of Theorem 2.5. Suppose the dimension of N is 4m. Denote the elliptic genera of
N by P1(N,τ) and P2(N,τ). It is known that P1(N,τ) is an integral modular form of
weight 2m over Γ0(2); while P2(N,τ) is an integral modular form of weight 2m over
Γ0(2). Moreover, the following identity holds,
(4.8) P1(N,−1/τ) = (2τ)2mP2(N,τ).
If Γ is a modular subgroup, let M(Γ) denote the ring of modular forms over Γ with
integral Fourier coefficients.
Lemma 4.2 (cf. [24]). One has that δ1(τ) (resp. ε1(τ)) is a modular form of weight
2 (resp. 4) over Γ0(2), δ2(τ) (resp. ε2(τ)) is a modular form of weight 2 (resp. 4) over
Γ0(2) and moreover M(Γ0(2)) = Z[8δ2(τ),ε2(τ)]. Moreover, we have transformation
laws
(4.9) δ2
(
−1
τ
)
= τ2δ1(τ), ε2(τ)
(
−1
τ
)
= τ4ε1(τ).
One can apply Lemma 4.2 to P2(N,τ) to get that
(4.10) P2(N,τ) = h0(8δ2(τ))
m+h1(8δ2(τ))
m−2ε2(τ)+ · · ·+h[m2 ](8δ2(τ))
m¯ε2(τ)
[m2 ],
where m¯ = 0 if m is even and m¯ = 1 if m is odd, and each hr(TCM), 0 ≤ r ≤ [m2 ], is an
integer. Actually they are all indices of certain twisted Dirac operators on N.
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By the above two relations, one has
P1(N,τ) =2
2m 1
τ2m
P2(N,−1/τ)
=22m
1
τ2m
[
h0
(
8δ2(−1/τ)
)m
+h1
(
8δ2(−1/τ)
)m−2
ε2(−1/τ)+ · · ·
+h[m2 ]
(
8δ2(−1/τ)
)m¯(
ε2(−1/τ)
)[m2 ]]
=22m
[
h0(8δ1(τ))
m+h1(8δ1(τ))
m−2ε1(τ)+ · · ·+h[m2 ](8δ1(τ))
m¯ε1(τ)
[m2 ]
]
=23mh0(4δ1(τ))
m+23m−6h1(4δ1(τ))m−2(16ε1(τ))+ · · ·+23m−6[
m
2 ]h[m2 ]
(4δ1(τ))
m¯(16ε1(τ))
[m2 ].
(4.11)
By the similar steps in the proof of vanishing theorem 2.4, we have
(4.12) indexG(B
Ar(TCM)
M ) = ∑
i+ j=r
D-IndGK,A j(pC)⊗(∆+(p)⊕∆−(p))C(indexK(B
Ai(TCN)
N )).
So we have
ϕ1,G(M,τ)
=
∞
∑
r=0
indexG(B
Wr(TCM)
M )q
r
2
=D-IndGK,(∆+(p)⊕∆−(p))C⊗Θ1(pC,τ)
(
∞
∑
i=0
indexK(B
Ai(TCN)
N )
)
.
(4.13)
By the Witten-Bott-Taubes-Liu’s rigidity theorem, one sees that
∞
∑
i=0
indexK(B
Ai(TCN)
N ) = P1(N,τ) · [C].
Hence we have
ϕ1,G(M,τ)
=23mh0D-Ind
G
K,(∆+(p)⊕∆−(p))C⊗Θ1(pC,τ)((4δ1(τ))
m)
+23m−6h1D-IndGK,(∆+(p)⊕∆−(p))C⊗Θ1(pC,τ)((4δ1(τ))
m−2(16ε1(τ)))
+ · · ·+23m−6[m2 ]h[m2 ]D-Ind
G
K,(∆+(p)⊕∆−(p))C⊗Θ1(pC,τ)((4δ1(τ))
m¯(16ε1(τ))
[m2 ]).
(4.14)
Similarly, we can show that
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ϕ2,G(M,τ)
=h0D-Ind
G
K,Θ2(pC,τ)
((8δ2(τ))
m)+h1D-Ind
G
K,Θ2(pC,τ)
((8δ2(τ))
m)((8δ2(τ))
m−2ε2(τ))
+ · · ·+h[m2 ]D-Ind
G
K,Θ2(pC,τ)
((8δ2(τ))
m)((8δ2(τ))
m¯ε2(τ)
[m2 ]).
(4.15)
So (i) follows.
Now assume Conjecture 4.1 holds. In (4.14), each
D-IndGK,(∆+(p)⊕∆−(p))C⊗Θ1(pC,τ)((4δ1(τ))
m−2 j(16ε1(τ)) j)
lies in (R ·D-IndGK[C])[[q
1
2 ]] and is a modular form of weight d
2
+ 2m = 2k over Γ0(2).
Therefore ϕ1,G(M,τ) ∈ K•(C∗r (G))⊗R[[q
1
2 ]] lies in (R ·D-IndGK[C])[[q
1
2 ]] and it is a mod-
ular form of weight 2k over Γ0(2) with real Fourier coefficients. In (4.15), each
D-IndGK,Θ2(pC,τ)
((8δ2(τ))
m−2 j(ε2(τ)) j)
lies in (R ·D-IndGK[C])[[q
1
2 ]] and is a modular form of weight d
2
+ 2m = 2k over Γ0(2).
And therefore ϕ2,G(M,τ) ∈ K•(C∗r (G))⊗R[[q
1
2 ]] lies in (R ·D-IndGK[C])[[q
1
2 ]] and it is a
modular form of weight 2k over Γ0(2) with real Fourier coefficients. So (ii) follows.

5. SOME EXAMPLES
In this section, we give the computation of the Witten genus and elliptic genera in Ex-
ample 2.1.
Now S1 act on the complex projective space CP2l−1 by
(5.1) λ [z0,z1, · · · ,z2l−1] = [λ a0z0,λ a1z1, · · · ,λ a2l−1z2l−1],
such that ai’s are distinct integers and ∑
2l−1
i=0 ai is even.
Since ai’s are distinct from each, we see that this action has 2l fixed points
[1,0, · · · ,0], [0,1,0, · · · ,0], · · · , [0,0, · · · ,1].
At the j-th fixed point, 0≤ j ≤ 2l−1, one has
∑
s6= j
|ak−a j| ≡
2l−1
∑
i=0
ai ≡ 0 mod 2.
By [4], we know that the circle action preserves the spin structure of CP2l−1.
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Therefore one can apply the Atiyah-Bott-Segal-Singer Lefschetz fixed-point formula to
find that the Lefschetz number of the S1-equivariant Witten genus is
Ind(∂/CP2l−1
⊗
Θ(TCCP
2l−1,τ)))(λ )
=
∞
∏
n=1
(1−qn)4l−2
2l−1
∑
j=0
∏
s6= j
1(
λ
|as−a j |
2 −λ
−|as−a j |
2
)
∏∞n=1(1−λ |as−a j|qn)(1−λ−|as−a j|qn)
, λ ∈ S1.
(5.2)
In the q-expansion,
(5.3) Ind(∂/
CP2l−1
⊗
Θ(TCCP
2l−1,τ)))(λ ) =
∞
∑
i=0
ai(λ )q
i,
each coefficient ai(λ ) is an integral Laurent polynomial of λ .
Let C[n] denote the representation of S1 on C by λ 7→ λ n·. Clearly
C[n]⊗C[m]∼= C[n+m].
Then in R[S1][[q]], we must have
(5.4) IndS1(∂/CP2l−1
⊗
Θ(TCCP
2l−1,τ))) =
∞
∑
i=0
ai(C[1])q
i.
In SL(2,R), consider the circle subgroup{(
cosθ −sinθ
sinθ cosθ
)}
.
The Lie algebra of this subgroup has generator
X =
(
0 −1
1 0
)
.
Let p be the orthogonal complement of R ·X in sl(2,R). It is not hard to see that pC is
generated by
E+ =
(
1 i
i −1
)
, E− =
(
1 −i
−i −1
)
.
Simple computation shows that
[X ,E±] =±2iE±.
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This shows that the adjoint represntation of S1 on pC is isomorphic toC[2]⊕C[−2]. There-
fore in R(S1)[[q]], we have
Θ(pC,τ)
∼=
∞⊗
n=1
Sqn(C[2])⊗
∞⊗
n=1
Sqn(C[−2])⊗
∞
∏
n=1
(C[0]−qn)⊗2
∼=
∞⊗
n=1
((⊕∞i=0C[2i]qni)⊗(⊕∞i=0C[−2i]qni))⊗ ∞⊗
n=1
(C[0]−qn)⊗2.
(5.5)
By the proof of Theorem 2.4, we see that the SL(2,R)-equivariant Witten genus
ϕW,SL(2,R)(M,τ)
=D-Ind
SL(2,R)
S1,Θ(pC,τ)
(IndS1(∂/CP2l−1
⊗
Θ(TCCP
2l−1,τ))))
=D-Ind
SL(2,R)
S1
(Θ(pC,τ)⊗
∞
∑
i=0
ai(C[1])q
i)
=D-Ind
SL(2,R)
S1
(
∞⊗
n=1
((⊕∞i=0C[2i]qni)⊗(⊕∞i=0C[−2i]qni))⊗ ∞⊗
n=1
(C[0]−qn)⊗2⊗
∞
∑
i=0
ai(C[1])q
i).
(5.6)
Now we need the following theorem, which is extracted from Proposition 50 from [12].
Theorem 5.1. Let G be a connected, semisimple Lie group with finite centre and K a
maximal compact subgroup, such that G/K is Spin. Let µ be the highest weight of an
irreducible representation Vµ of K. Suppose µ +ρc is the Harish-Chandra parameter of a
discrete series representation of (H,pi) of G. Then the formal degree of (H,pi) is given by
dH = (−1)d/2 τ∗([D-Ind([Vµ ])]) = ∏
α∈Φ+
(µ +ρc,α)
(ρ ,α)
,
where τ is the von Neumann trace of G with both sides vanishing when the classD-Ind[Vµ ]∈
K0(C
∗
r (G)) is not given by a discrete series representation. We have a well-defined com-
mutative diagram:
K0(C
∗
r (G))
R,
R(K)
τ∗
D-Ind
ΠK
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where ΠK([Vµ ]) := (−1)d/2 ∏α∈Φ+ (µ+ρc,α)(ρ,α) . Here the Haar measure on G is normalised
by
vol K = volM1/K1 = 1,
where M1 is a maximal compact subgroup of the universal complexification G
C of G and
K1 < G1 a maximal compact subgroup of a real form G1 of G
C (see [5] for more details).
But we know that
(5.7) ΠS1(C[n]) =−|n−1|.
So we have
ϕcW (M,τ)
=τ∗(ϕW,SL(2,R)(M,τ))
=ΠS1
(
∞⊗
n=1
((⊕∞i=0C[2i]qni)⊗(⊕∞i=0C[−2i]qni))⊗ ∞⊗
n=1
(C[0]−qn)⊗2⊗
∞
∑
i=0
ai(C[1])q
i
)
=P(· · · ,−|−n−1|,−|−n|,−1,0,−1, · · · ,−|m−2|,−|m−1|, · · · ;q).
(5.8)
The desired formula follows. We summarize the above computation in the following the-
orem.
Theorem 5.2. Let M = SL(2,R)×S1 CP2l−1 as in Example 2.1. Then the SL(2,R)-
equivariant Witten genus
ϕW,SL(2,R)(M,τ)
=D-Ind
SL(2,R)
S1
(
∞⊗
n=1
((⊕∞i=0C[2i]qni)⊗(⊕∞i=0C[−2i]qni))⊗ ∞⊗
n=1
(C[0]−qn)⊗2⊗
∞
∑
i=0
ai(C[1])q
i).
and the Witten genus
ϕcW (M,τ) = τ∗(ϕW,SL(2,R)(M,τ))
=ΠS1
(
∞⊗
n=1
((⊕∞i=0C[2i]qni)⊗(⊕∞i=0C[−2i]qni))⊗ ∞⊗
n=1
(C[0]−qn)⊗2⊗
∞
∑
i=0
ai(C[1])q
i
)
=P(· · · ,−|−n−1|,−|−n|,−1,0,−1, · · · ,−|m−2|,−|m−1|, · · · ;q).
where P is the two-variable series shown in Example 2.1.
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For the elliptic genera, by the Witten-Bott-Taubes-Liu’s rigidity theorem, we see that
the Lefschetz number of the S1-equivariant elliptic genera
(5.9) Ind(B
CP2l−1
⊗
Θ1(TCCP
2l−1,τ)))(λ ), Ind(∂/
CP2l−1
⊗
Θ2(TCCP
2l−1,τ)))(λ )
are both independent of λ . However when λ = 1, they are just the elliptic genera of
CP2l−1, which are 0 since CP2l−1 has dimension 4l−2. Therefore
Ind(BCP2l−1
⊗
Θ1(TCCP
2l−1,τ)))(λ )
and
Ind(∂/CP2l−1
⊗
Θ2(TCCP
2l−1,τ)))(λ )
are constantly 0. So the S1-equivariant elliptic genera
IndS1(BCP2l−1
⊗
Θ1(TCCP
2l−1,τ)))
and
IndS1(∂/CP2l−1
⊗
Θ2(TCCP
2l−1,τ)))
are both 0 in R(S1)[[q1/2]]. From the proof of Theorem rigidity, we see that
ϕ1,SL(2,R)(M,τ), ϕ2,SL(2,R)(M,τ)
are both 0 in K•(C∗r (SL(2,R))). Taking von Neumann trace, we get
(5.10) ϕc1(M,τ) = 0, ϕ
c
2(M,τ) = 0.
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